Characterization of GCR-lightlike warped product of indefinite Sasakian manifolds  by Kumar, Rakesh et al.












://dx.dRAKESH KUMAR a,*, RACHNA RANI b, Manish Gogna c,
R.K. Nagaich d
a University College of Engineering, Punjabi University, Patiala, Punjab, India
b University College, Moonak, Punjab, India
c Baba Banda Singh Bahadur Engineering College, Fathehgarh Sahib, Punjab, India
d Department of Mathematics, Punjabi University, Patiala, Punjab, India
Received 19 June 2012; revised 22 May 2013; accepted 22 August 2013Available online 4 September 2013Abstract. In this paper we prove that there do not exist warped product GCR-light-
like submanifolds in the formM= N^ · kNT such that N^ is an anti-invariant subman-
ifold tangent to V and NT an invariant submanifold of M , other than GCR-lightlike
product in an indeﬁnite Sasakian manifold. We also obtain characterization theorems
for a GCR-lightlike submanifold to be locally a GCR-lightlike warped product.Keywords: GCR-lightlike submanifold; GCR-lightlike product; GCR-lightlike warped
product submanifold; Indeﬁnite Sasakian manifold
2000 Mathematics Subject Classiﬁcation: 53C40; 53C42; 53C50; 53C551. INTRODUCTION
Cauchy–Riemann (CR)-submanifolds of Kaehler manifolds were introduced by
Bejancu [3] as a generalization of holomorphic and totally real submanifolds of
Kaehler manifolds and further investigated by [4,6,7,9,10] and others. Contact
CR-submanifolds of Sasakian manifolds were introduced by Yano and Kon [30]. They
all studied the geometry of CR-submanifolds with positive deﬁnite metric. Therefore
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192 R. Kumar et al.where the metric is not necessarily deﬁnite. Thus the geometry of CR-submanifolds
with indeﬁnite metric became a topic of chief discussion and Duggal and Bejancu
[14] played a very crucial role in this study by introducing the notion of CR-lightlike
submanifolds of indeﬁnite Kaehler manifolds. Since there is a signiﬁcant use of the con-
tact geometry in differential equations, optics, and phase spaces of a dynamical system
(see Arnol’d [1], Maclane [24], Nazaikinskii et al. [25]), Duggal and Sahin [16] intro-
duced contact CR-lightlike submanifolds and contact SCR-lightlike submanifolds of
indeﬁnite Sasakian manifolds. But there do not exist any inclusion relations between
invariant and screen real submanifolds so a new class of submanifolds, called General-
ized Cauchy–Riemann (GCR)-lightlike submanifolds of indeﬁnite Sasakian manifolds
(which is an umbrella of invariant, screen real, contact CR-lightlike submanifolds) was
derived by Duggal and Sahin [17]. Rakesh et al. [22] characterized a GCR-lightlike sub-
manifold to be a GCR-lightlike product of an indeﬁnite Sasakian manifold. In [8], the
notion of warped product manifolds was introduced by Bishop and O’Neill in 1969 and
it was further studied by many mathematicians and physicists. These manifolds are
generalizations of Riemannian product manifolds. This generalized product metric ap-
pears in differential geometric studies in a natural way. For instance a surface of rev-
olution is a warped product manifold. Moreover, many important submanifolds in real
and complex space forms are expressed as warped product submanifolds. In view of its
physical applications many research articles have recently appeared exploring existence
(or non existence) of warped product submanifolds in known spaces, [27,29]. Chen [11]
introduced warped product CR-submanifolds and showed that there does not exist a
warped product CR-submanifold in the form M= N^ · kNT in a Kaehler manifold
where N^ is a totally real submanifold and NT is a holomorphic submanifold of M.
He proved if M= N^ · kNT is a warped product CR-submanifold of a Kaehler man-
ifold M then M is a CR-product, that is, there do not exist warped product CR-sub-
manifolds of the form M= N^ · kNT other than a CR-product. Therefore he called
a warped product CR-submanifold in the form M= NT · kN^ a CR-warped product.
Chen [11] also obtained a characterization for a CR-submanifold of Kaehler manifold
to be locally a warped product submanifold. He showed that a CR-submanifoldM of a
Kaehler manifold M is a CR-warped product if and only if AJZX= JX(l)Z for each
X 2 C(D),Z 2 C(D0),l a C1-function on M such that Zl= 0 for all Z 2 C(D0).
In this paper we prove that there do not exist warped product GCR-lightlike sub-
manifolds in the form M= N^ · kNT such that N^ is an anti-invariant submanifold
tangent to V and NT an invariant submanifold ofM, other than GCR-lightlike product
in an indeﬁnite Sasakian manifold. We also obtain characterization theorems for a
GCR-lightlike submanifold to be locally a GCR-lightlike warped product.
2. LIGHTLIKE SUBMANIFOLDS
We recall notations and fundamental equations for lightlike submanifolds, which are
due to the book [14] by Duggal and Bejancu.
Let ðM; gÞ be a real (m+ n)-dimensional semi-Riemannian manifold of constant
index q such that m,nP 1,1 6 q 6 m+ n  1 and (M,g) be an m-dimensional subman-
ifold ofM and g the induced metric of g onM. If g is degenerate on the tangent bundle
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g on MTM? ¼ [fu 2 TxM : gðu; vÞ ¼ 0; 8v 2 TxM; x 2Mg; ð1Þ
is a degenerate n-dimensional subspace of TxM. Thus, both TxM and TxM
^ are degen-
erate orthogonal subspaces but no longer complementary. In this case, there exists a
subspace Rad TxM= TxM \ TxM^ which is known as radical (null) subspace. If the
mappingRad TM : x 2M! Rad TxM; ð2Þ
deﬁnes a smooth distribution on M of rank r> 0 then the submanifold M of M is
called r-lightlike submanifold and Rad TM is called the radical distribution on M.
Let S(TM) be a screen distribution which is a semi-Riemannian complementary dis-
tribution of Rad(TM) in TM, that isTM ¼ Rad TM ? SðTMÞ; ð3Þ
S(TM^) is a complementary vector subbundle to Rad TM in TM^. Let tr(TM) and
ltr(TM) be complementary (but not orthogonal) vector bundles to TM in TMjM and to
Rad TM in S(TM^)^ respectively. Then we havetrðTMÞ ¼ ltrðTMÞ ? SðTM?Þ: ð4Þ
TMjM ¼ TM trðTMÞ ¼ ðRad TM ltrðTMÞÞ ? SðTMÞ ? SðTM?Þ: ð5ÞLet u be a local coordinate neighborhood of M and consider the local quasi-
orthonormal ﬁelds of frames of M along M, on u as {n1, . . . ,nr,Wr+1, . . . ,
Wn,N1, . . . ,Nr,Xr+1,. . .,Xm}, where {n1, . . . ,nr},{N1, . . . ,Nr} are local lightlike bases
of C(Rad TM Œu), C(ltr(TM) Œu) and {Wr+1, . . . ,Wn},{Xr+1, . . . ,Xm} are local ortho-
normal bases of C(S(TM^) Œu) and C(S(TM) Œu) respectively. For this quasi-orthonor-
mal ﬁelds of frames, we have
Theorem 2.1 [14]. Let (M,g,S(TM),S(TM^)) be an r-lightlike submanifold of a semi-
Riemannian manifold ðM; gÞ. Then, there exists a complementary vector bundle ltr(TM)
of Rad TM in S(TM^)^ and a basis of C(ltr(TM) Œu) consisting of smooth section {Ni}
of S(TM^)^ Œu, where u is a coordinate neighborhood of M, such thatgðNi; njÞ ¼ dij; gðNi;NjÞ ¼ 0; ð6Þ
where {n1,. . .,nr} is a lightlike basis of C(Rad(TM)).
Let r be the Levi-Civita connection on M. Then, according to the decomposition
(5), the Gauss and Weingarten formulas are given byrXY ¼ rXYþ hðX;YÞ; 8X;Y 2 CðTMÞ; ð7Þ
rXU ¼ AUXþr?XU;8X 2 CðTMÞ;U 2 CðtrðTMÞÞ; ð8Þwhere {XY,AUX} and fhðX;YÞ;r?XUg belong to C(TM) and C(tr(TM)) respectively.
Here  is a torsion-free linear connection on M,h is a symmetric bilinear form on
194 R. Kumar et al.C(TM) which is called second fundamental form, AU is a linear operator on M and
known as shape operator.
According to (4), considering the projection morphisms L and S of tr(TM) on
ltr(TM) and S(TM^), respectively, (7) and (8) giverXY ¼ rXYþ hlðX;YÞ þ hsðX;YÞ; ð9Þ
rXU ¼ AUXþDlXUþDsXU; ð10Þwhere we put hlðX;YÞ ¼ LðhðX;YÞÞ; hsðX;YÞ ¼ SðhðX;YÞÞ;DlXU ¼ Lðr?XUÞ;DsXU ¼
Sðr?XUÞ.
As hl and hs are C(ltr(TM))-valued and C(S(TM^))-valued respectively, therefore
they are called the lightlike second fundamental form and the screen second fundamen-
tal form on M. In particularrXN ¼ ANXþrlXNþDsðX;NÞ; ð11Þ
rXW ¼ AWXþrsXWþDlðX;WÞ; ð12Þwhere X 2 C(TM),N 2 C(ltr(TM)) and W 2 C(S(TM^)).
Using (4), (5), (9), (10), (11) and (12), we obtaingðhsðX;YÞ;WÞ þ gðY;DlðX;WÞÞ ¼ gðAWX;YÞ; ð13Þ
gðhlðX;YÞ; nÞ þ gðY; hlðX; nÞÞ þ gðY;rXnÞ ¼ 0; ð14Þ
gðANX;N0Þ þ gðN;AN0XÞ ¼ 0; ð15Þfor any n 2 C(Rad TM),W 2 C(S(TM^)) and N,N0 2 C(ltr(TM)).
Next, we recall some basic deﬁnitions and results of indeﬁnite Sasakian manifolds
(see [5,23]). An odd dimensional semi-Riemannian manifold ðM; gÞ is called an e-con-
tact metric manifold, if there is a (1,1) tensor ﬁeld /, a vector ﬁeld V, called charac-
teristic vector ﬁeld and a 1-form g such thatgð/X;/YÞ ¼ gðX;YÞ  gðXÞgðYÞ; gðV;VÞ ¼ ; ð16Þ
/2ðXÞ ¼ Xþ gðXÞV; gðX;VÞ ¼ gðXÞ; ð17Þ
dgðX;YÞ ¼ gðX;/YÞ; ð18Þfor any X,Y 2 C(TM), where e =±1 then it follows that/V ¼ 0; ð19Þ
go/ ¼ 0; gðVÞ ¼ 1: ð20ÞThen ð/;V; g; gÞ is called an e-contact metric structure ofM. We say thatM has a nor-
mal contact structure if N/ + dg  V= 0, where N/ is Nijenhuis tensor ﬁeld of /. A
normal e-contact metric manifold is called e-Sasakian manifold and for this we haverXV ¼ /X ð21Þ
ð rX/ÞY ¼ gðX;YÞVþ gðYÞX: ð22Þ
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Calin [12] proved that if the characteristic vector ﬁeld V is tangent to (M,g,S(TM)) then
it belongs to S(TM). We assume the characteristic vector V is tangent toM throughout
this paper.
Deﬁnition 3.1 [17]. Let (M,g,S(TM)) be a real lightlike submanifold of an indeﬁnite
Sasakian manifold ðM; gÞ. Then M is called a generalized Cauchy–Riemann (GCR)-
lightlike submanifold if the following conditions are satisﬁed
(A) There exist two subbundles D1 and D2 of Rad(TM) such thatRadðTMÞ ¼ D1 D2; /ðD1Þ ¼ D1; /ðD2Þ  SðTMÞ: ð23Þ
(B) There exist two subbundles D0 and D of S(TM) such thatSðTMÞ ¼ f/D2 Dg ? D0 ? V; /ðDÞ ¼ L ? S; ð24Þ
where D0 is invariant non-degenerate distribution on M,{V} is one dimensional distri-
bution spanned by V and L,S are vector subbundles of ltr(TM) and S(TM)^,
respectively.
Then the tangent bundle TM of M is decomposed asTM ¼ DD fVg; where D ¼ RadðTMÞ D0  /ðD2Þ: ð25Þ
Let Q,P1 and P2 be the projection morphisms on D, /S=M2 and /L=M1, respec-
tively. Then any X 2 C(TM) can be written asX ¼ QXþ Vþ P1Xþ P2X; ð26Þ
orX ¼ QXþ Vþ PX; ð27Þwhere P is a projection morphism on D. Applying / to (27), we obtain/X ¼ fXþ xP1Xþ xP2X; ð28Þ
where fX 2 C(D),xP1X 2 C(S) and xP2X 2 C(L), or, we can write (28) as/X ¼ fXþ xX; ð29Þ
where fX and xX are the tangential and transversal components of /X, respectively.
Similarly, for any U 2 C(tr(TM)), we have
/U ¼ BUþ CU; ð30Þwhere BU and CU are the sections of TM and tr(TM), respectively.
Differentiating (28) and using (9), (10), (11), (12) and (30) we haveDlðX;xP1YÞ ¼ rlXxP2Yþ xP2rXY hlðX; fYÞ þ ChlðX;YÞ; ð31Þ
DsðX;xP2YÞ ¼ rsXxP1Yþ xP1rXY hsðX; fYÞ þ ChsðX;YÞ; ð32Þ
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following lemmas.
Lemma 3.2. Let M be a GCR-lightlike submanifold of an indeﬁnite Sasakian manifold
M. Then we haveðrXf ÞY ¼ AxYXþ BhðX;YÞ  gðX;YÞVþ gðYÞX; ð33Þ
andðrtXxÞY ¼ ChðX;YÞ  hðX; fYÞ; ð34Þ
where X,Y 2 C(TM) andðrXf ÞY ¼ rXfY frXY; ð35Þ
ðrtXxÞY ¼ rtXxY xrXY: ð36ÞLemma 3.3. Let M be a GCR-lightlike submanifold of an indeﬁnite Sasakian manifold
M. Then we haveðrXBÞU ¼ ACUX fAUX gðX;UÞV; ð37Þ
andðrtXCÞU ¼ xAUX hðX;BUÞ; ð38Þ
where X 2 C(TM) and U 2 C(tr(TM)) andðrXBÞU ¼ rXBU BrtXU; ð39Þ
ðrtXCÞU ¼ rtXCU CrtXU: ð40ÞTheorem 3.4 [20]. Let M be a GCR-lightlike submanifold of an indeﬁnite Sasakian
manifold M. Then:
(A) The distribution D ¯ {V} is integrable, if and only if,hðX; fYÞ ¼ hðY; fXÞ; 8 X;Y 2 CðD fVgÞ: ð41Þ
(B) The distribution D is integrable, if and only if,A/ZU ¼ A/UZ; 8 Z;U 2 CðDÞ: ð42ÞTheorem 3.5 [20]. Let M be a GCR-lightlike submanifold of an indeﬁnite Sasakian man-
ifold M. Then the distribution D ¯ {V} deﬁnes a totally geodesic foliation in M, if and
only if, Bh(X,/Y) = 0, for any X,Y 2 D ¯ {V}.4. GCR-LIGHTLIKE WARPED PRODUCT
Warped product: Let B and F be two Riemannian manifolds with Riemannian metrics
gB and gF respectively and k> 0 a differentiable function on B. Assume the product
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M= B · kF is the manifold B · F equipped with the Riemannian metric g whereg ¼ gB þ k2gF: ð43Þ
If X is tangent to M= B · kF at (p,q) then using (43), we havekXj2 ¼ kpXk2 þ k2ðpðXÞÞkgXk2: ð44Þ
The function k is called the warping function of the warped product. For differentiable
function k on M, the gradient k is deﬁned by g(k,X) = Xk, for all X 2 T(M).
Lemma 4.1 [8]. Let M= B · kF be a warped product manifold. If X,Y 2 T(B) and
U,Z 2 T(F) thenrXY 2 TðBÞ: ð45Þ
rXU ¼ rUX ¼ Xkk U: ð46Þ
rUZ ¼  gðU;ZÞk rk: ð47ÞCorollary 4.2. On a warped product manifold M= B · kF we have
(i) B is totally geodesic in M.
(ii) F is totally umbilical in M.
O’Neill extended the concept of Riemannian warped product to semi-Riemannian
warped product in [26]. Further Beem–Ehrlich [2] used the scheme of semi-Riemannian
warped products and constructed a Lorentzian warped product manifold. In [13],
Duggal introduced two classes of warped product of lightlike manifolds. Later on,
warped product lightlike submanifolds of semi-Riemannian manifolds are introduced
by Sahin in [28] as given below.
Deﬁnition 4.3. Let (M1,g1) be a totally lightlike submanifold of dimension r and
(M2,g2) be a semi-Riemannian submanifold of dimension m of a semi- Riemann
manifold ðM; gÞ. Then the product manifold M=M1 · fM2 is said to be a warped
product lightlike submanifold of M with the degenerate metric g deﬁned bygðX;YÞ ¼ g1ðpX; pYÞ þ ð fopÞ2g2ðgX; gYÞ;
for every X,Y 2 C(TM) and * is the symbol for the tangent map. Here,
p*:M1 ·M2ﬁM1 and g*:M1 ·M2ﬁM2 denote the projection maps given by
p(x,y) = x and g(x,y) = y for (x,y) 2 C(M1 ·M2).
Deﬁnition 4.4 [15]. A lightlike submanifold (M,g) of a semi-Riemannian manifold
ðM; gÞ is said to be totally umbilical in M if there is a smooth transversal vector ﬁeld
H 2 C(tr(TM)) on M, called the transversal curvature vector ﬁeld of M, such thathðX;YÞ ¼ HgðX;YÞ; ð48Þ
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coordinate neighborhood u, there exist smooth vector ﬁelds Hl 2 C(ltr(TM)) and
Hs 2 C(S(TM^)), such thathlðX;YÞ ¼ HlgðX;YÞ; hsðX;YÞ ¼ HsgðX;YÞ; DlðX;WÞ ¼ 0; ð49Þ
for any W 2 C(S(TM^)).
Lemma 4.5. Let M be a totally umbilical GCR-lightlike submanifold of an indeﬁnite
Sasakian manifold M. Then the distribution D deﬁnes a totally geodesic foliation in M.
Proof. Let X;Y 2 CðDÞ then using (33) and (35), we have fXY=  AwY
X  Bh(X,Y) + g(X,Y)V. Let Z 2 C(D0) then using (22), we obtaingðfrXY;ZÞ ¼ gðAwYX;ZÞ ¼ gð rX/Y;ZÞ ¼ gð rXY;/ZÞ
¼ gð rXY;Z0Þ ¼ gðY;rXZ0Þ; ð50Þwhere Z0 = /Z 2 C(D0). Since X 2 CðDÞ and Z 2 C(D0) then using (34), (36) and the
hypothesis that M is a totally umbilical GCR-lightlike submanifold, we get
wXZ= h(X,f Z)  Ch(X,Z) = Hg(X,f Z)  CHg(X,Z) = 0, this implies that
XZ 2 C(D), then (50) implies that g(fXY,Z) = 0. Hence the non degeneracy of
the distribution D0 implies that fXY= 0, this gives rXY 2 CðDÞ for any
X;Y 2 CðDÞ. Hence the proof is complete. h
Theorem 4.6. Let M be a totally umbilical GCR-lightlike submanifold of an indeﬁnite
Sasakian manifold M. Then the totally real distribution D is integrable.
Proof. Using (33) and (35) with the above lemma, we getAwYX ¼ BhðX;YÞ þ gðX;YÞV; ð51Þ
for any X;Y 2 CðDÞ. Then using the symmetric property of h and g, we get AwYX=
AwXY, for any X;Y 2 CðDÞ. Hence using the Theorem (3.4) the distribution D is
integrable. h
Deﬁnition 4.7 [22]. A GCR-lightlike submanifold M of an indeﬁnite Sasakian mani-
foldM is called a GCR-lightlike product if both the distributions D ¯ {V} and D deﬁne
totally geodesic foliations in M.
LetM= N^ · kNT be a warped product GCR-lightlike submanifold of an indeﬁnite
Sasakian manifold M. Such submanifolds are always tangent to the structure vector
ﬁeld V. We distinguish two cases
(i) V is tangent to NT.
(ii) V is tangent to N^.
In this paper we consider the case when V is tangent to NT.
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Sasakian manifold M. If M = N^ · kNT is a warped product GCR-lightlike submanifold
such that N^ is an anti-invariant submanifold and NT is an invariant submanifold of M
tangent to V then it is a GCR-lightlike product.
Proof. Since M is a totally umbilical GCR-lightlike submanifold of an indeﬁnite
Sasakian manifold then using the Lemma (4.5), the distribution D deﬁnes a totally
geodesic foliation in M.
Let hT and AT be the second fundamental form and the shape operator of NT
in M, respectively. Then for any X,Y 2 C(D ¯ {V}) and Z 2 Cð/SÞ  CðDÞ, we
have gðhTðX;YÞ;ZÞ ¼ gðrXY;ZÞ ¼ gðY; rXZÞ ¼ gðY;rXZÞ  gðY; hlðX;ZÞÞ ¼
gðY;rXZÞ  gðY;HlÞgðX;ZÞ ¼ gðY;rXZÞ. Using (46) for M= N^ · kNT, we getgðhTðX;YÞ;ZÞ ¼ ðZlnkÞgðX;YÞ: ð52Þ
Now, let hˆ be the second fundamental form of NT in M thenh^ðX;YÞ ¼ hTðX;YÞ þ hsðX;YÞ þ hlðX;YÞ; ð53Þ
for any X,Y tangent to NT then using (52), we getgðh^ðX;YÞ;ZÞ ¼ gðhTðX;YÞ;ZÞ ¼ ðZlnkÞgðX;YÞ: ð54Þ
Since NT is a holomorphic submanifold of M then we have hˆ(X,/Y) = hˆ(/X,Y) = /
hˆ(X,Y) therefore we havegðh^ðX;YÞ;ZÞ ¼ gðh^ð/X;/YÞ;ZÞ ¼ ðZlnkÞgðX;YÞ: ð55Þ
Adding (54) and (55) we getgðh^ðX;YÞ;ZÞ ¼ 0: ð56Þ
Using (53) and (56), we have g(h(X,Y),/Z) = g(hˆ(X,Y),/Z)  g(hT(X,Y),/
Z) = g(hˆ(X,Y),/Z) =  g(/hˆ(X,Y),Z) =  g(hˆ(X,/Y),Z) = 0. Thus g(h(X,Y),/
Z) = 0 implies that h(X,Y) has no components in L1^L2 for any X,Y 2 C(D ¯ {V}).
In other words, we can say that Bh(X,Y) = 0, for any X,Y 2 C(D ¯ {V}). Therefore
using the Theorem (3.5), the distribution D ¯ {V} deﬁnes a totally geodesic foliation
in M. Hence M is a GCR-lightlike product. Hence the proof is complete. h
After the proof of the Theorem 4.8, it is important to mention the following two
theorems by Hasegawa and Mihai [18] and Khan et al. [21], respectively.
Theorem 4.9. Let M be a (2m + 1)-dimensional Sasakian manifold. Then there do not
exist warped product submanifolds M =M1 · kM2 such that M1 is an anti-invariant
submanifold tangent to V and M2 an invariant submanifold of M.
Theorem 4.10. Let M be a (2m + 1)-dimensional Kenmotsu manifold. Then there do not
exist warped product submanifolds M= N^ · kNT such that NT is an invariant subman-
ifold tangent to V and N^ is anti-invariant submanifold of M.
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GCR-lightlike submanifolds of the form M= N^ · kNT such that N^ is an anti-invari-
ant submanifold and NT an invariant submanifold tangent to V of M, other than a
GCR-lightlike product. Thus for simplicity we call a warped product GCR-lightlike
submanifold in the form M= NT · kN^ such that N^ is an anti-invariant submanifold
and NT is an invariant submanifold of M tangent to V, a GCR-lightlike warped
product.
Lemma 4.11. Let M be a totally umbilical GCR-lightlike submanifold of an indeﬁnite
Sasakian manifold M. Let M= NT · kN^ be a proper GCR-lightlike warped product of
an indeﬁnite Sasakian manifold M such that NT is an invariant submanifold tangent to V
and N^ an anti-invariant submanifold of M then NT is totally geodesic in M.
Proof. Let X,Y 2 NT and Z 2 N^ then we have gðrXY;ZÞ ¼ gð rXY;ZÞ ¼
gðY;rXZÞ  gðY; hlðX;ZÞÞ, using (46) we get g(XY,Z) =  g(Y,hl(X,Z)). Since M
is a totally umbilical GCR-lightlike submanifold therefore hl(X,Z) = hs(X,Z) = 0.
Hence g(XY,Z) = 0 implies that NT is totally geodesic in M. h
Theorem 4.12. Let M be a GCR-lightlike submanifold of an indeﬁnite Sasakian manifold
M. If the distribution D ¯ {V} deﬁnes a totally geodesic foliation in M then it is
integrable.
Proof. Let X,Y 2 C(D ¯ {V}) then using (34) and (36), we have h(X,fY) =
Ch(X,Y) + xXY. Since the distribution D ¯ {V} deﬁnes a totally geodesic foliation
in M therefore xXY= 0 and we get h(X,fY) = Ch(X,Y), then taking into account
that h is symmetric, we obtain h(X,fY) = h(fX,Y), for all X,Y 2 C(D ¯ {V}). This
proves the assertion. h5. CHARACTERIZATIONS OF GCR-LIGHTLIKE WARPED PRODUCTS
For a GCR-lightlike warped product in indeﬁnite Sasakian manifolds, we have
Lemma 5.1. Let M be a totally umbilical GCR-lightlike submanifold of an indeﬁnite
Sasakian manifold M. Then for a GCR-lightlike warped product M= NT · kN^ such
that NT is an invariant submanifold tangent to V and N^ an anti-invariant submanifold of
M, we havegðhsðD fVg;D fVgÞ;/M2Þ ¼ 0: ð57ÞProof. Since M is a Sasakian manifold therefore for any X 2 C(D ¯ {V}) and
Z 2 C(M2) using (22), we have / rXZ ¼ rX/Z. SinceM is a totally umbilical therefore
we have /ðrXZÞ ¼ AwZXþrsXwZ, then taking inner product with /Y where
Y 2 C(D ¯ {V}), we get g(/XZ,/Y) =  g(AwZX,/Y). Using (16) and (46), we
obtain g(AwZX,/Y) = 0 then using (13), we get gðhsðD fVg;D fVgÞ;/M2Þ ¼ 0.
Hence the proof is complete. h
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and also g(hl(D ¯ {V},D ¯ {V}),/Z) = 0 for any Z 2 CðDÞ. Thus
gðhðD fVg;D fVgÞ;/DÞ ¼ 0, this implies that h(D ¯ {V},D ¯ {V}) has no compo-
nent in L1^L2, that is, Bh(D ¯ {V},D ¯ {V}) = 0 therefore using the Theorem (3.5) the
distribution D ¯ {V} deﬁnes a totally geodesic foliation in M.
Next, we have the following characterizations of GCR-lightlike warped products.
Theorem 5.3. A proper totally umbilical GCR-lightlike submanifold M of an indeﬁnite
Sasakian manifold M is locally a GCR-lightlike warped product M = NT · kN^ such that
NT is an invariant submanifold tangent to V and N^ an anti-invariant submanifold of M,
if and only if,A/ZX ¼ ðð/XÞlÞZ; ð58Þ
for X 2 CðD fVgÞ;Z 2 CðDÞ and for some function l on M satisfying
Ul ¼ 0;U 2 CðDÞ.
Proof. Assume thatM be a proper GCR-lightlike submanifold of an indeﬁnite Sasaki-
an manifoldM satisfying (58). For any X,Y 2 C(D ¯ {V}) and Z 2 CðM2Þ  CðDÞ, we
have g(A/ZX,/Y) = g(((/X)l)Z,/Y) = ((/X)l)g(Z,/Y) = 0, then using (13) we get
g(hs(D ¯ {V},D ¯ {V}),/M2) = 0. Then as done in the above corollary, the distribu-
tion D ¯ {V} deﬁnes a totally geodesic foliation inM and consequently it is totally geo-
desic in M and using the Theorem (4.12) the distribution D ¯ {V} is integrable.
Now, taking inner product of (58) with U 2 CðDÞ and using (16), (22), (46) and that
M is a totally umbilical submanifold, we get gððð/XÞlÞZ;UÞ ¼ gðA/ZX;UÞ ¼
gð/Z; rXUÞ ¼ gð/Z; rUXÞ ¼ gð rU/Z; XÞ þ gðU; ZÞgðXÞ ¼ gðrUZ; /XÞ þ
gðhlðU; ZÞ; /XÞ þ gðU; ZÞgðXÞ, then using the deﬁnition of gradient g(l,X) = Xl
we getgðrUZ;/XÞ ¼ gðrl;/XÞgðZ;UÞ  gðhlðU;ZÞ;/XÞ  gðU;ZÞgðXÞ: ð59Þ
Let h0 and 0 be the second fundamental form and the metric connection of D, respec-
tively in M then we havegðh0ðU;ZÞ;/XÞ ¼ gðrUZr0UZ;/XÞ: ð60Þ
Therefore from (59) and (60), particularly for X 2 C(D0), we get g(h0(U,Z),/
X) = g(UZ,/X) = g(l,/X)g(Z,U) this further implies thath0ðU;ZÞ ¼ rlgðZ;UÞ; ð61Þ
this implies that the distribution D is totally umbilical in M. Using the Theorem (4.6),
the totally real distribution D is also integrable. Now, using the condition Ul= 0 for
U 2 D, we have g(l,U) = Ul= 0. Hence from (61), we obtain that D is a totally
umbilical submanifold with parallel mean curvature l, that is, each leaf of D is an
extrinsic sphere in M. Hence by a result of ([19]) which say that ‘‘If the tangent bundle
of a Riemannian manifoldM splits into an orthogonal sum TM= E0 ¯ E1 of non triv-
ial vector subbundles such that E1 is spherical and its orthogonal complement E0 is
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therefore we can conclude that M is locally a GCR-lightlike warped product NT · kN^
of M where k= el.
Conversely, let X 2 C(NT) and Z 2 C(N^), since M is a Sasakian manifold so we
have rX/Z ¼ / rXZ, which further becomes A/ZXþrtX/Z ¼ ðð/XÞlnkÞZ, com-
paring tangential components, wet A/ZX=  ((/X)lnk)Z for each X 2 C(D ¯ {V})
and Z 2 ðDÞ. Since k is a function on NT so we also have U(lnk) = 0 for all U 2 CðDÞ.
Hence the proof is complete. h
Lemma 5.4. Let M= NT · kN^ be a GCR-lightlike warped product of an indeﬁnite
Sasakian manifold such that NT is an invariant submanifold tangent to V and N^ an
anti-invariant submanifold of M. ThenðrZf ÞX ¼ fXðlnkÞZ: ð62Þ
ðrUf ÞZ ¼ gðZ;UÞfðrlnkÞ; ð63Þfor any U 2 C(TM),X 2 C(NT) and Z 2 C(N^).
Proof. For any X 2 C(NT) and Z 2 C(N^), using (35) and (46), we have
ðrZfÞX ¼ rZfX fððXff ÞZÞ ¼ rZfX Xff fZ ¼ rZfX ¼ fXðlnkÞZ. Next, again using
(35) we get (Uf)Z=  fUZ this implies that (Uf)Z 2 C(NT), therefore for any
X 2 C(D0) we havegððrUfÞZ;XÞ ¼ gðfrUZ;XÞ ¼ gðrUZ; fXÞ ¼ gð rUZ; fXÞ
¼ gðZ;rUfXÞ ¼ fXðlnkÞgðZ;UÞ:Hence using the deﬁnition of gradient of k and the non degeneracy of the distribution
D0, the result is as follows. h
Theorem 5.5. A proper totally umbilical GCR-lightlike submanifold M of an indeﬁnite
Sasakian manifold M is locally a GCR-lightlike warped product M= NT · kN^ such
that NT is an invariant submanifold tangent to V and N^ an anti-invariant submanifold
of M ifðrXfÞY ¼ ðfYðlÞÞPXþ gðPX;PYÞ/ðrlÞ  gðX;YÞVþ gðYÞX; ð64Þ
for any X,Y 2 C(TM) and for some function l on M satisfying Zl ¼ 0;Z 2 CðDÞ.
Proof. Let M be a GCR-lightlike submanifold of an indeﬁnite Sasakian manifold M
satisfying (64). Let X,Y 2 C(D ¯ {V}) then (64) implies that (X f )Y=
g(X,Y)V+ eg(Y)X then (33) gives Bh(X,Y) = 0. Thus D ¯ {V} deﬁnes a totally
geodesic foliation in M and consequently it is totally geodesic in M and integrable
using the Theorem (4.12).
Let X;Y 2 CðDÞ then (64) givesðrXfÞY ¼ gðPX;PYÞ/ðrlÞ  gðX;YÞV: ð65Þ
Characterization of GCR-lightlike warped product of indeﬁnite Sasakian manifolds 203Let U 2 C(D0) then (65) implies that
gððrXfÞY;UÞ ¼ gðPX;PYÞgð/ðrlÞ;UÞ: ð66ÞAlso using (22) with (33), we havegððrXfÞY;UÞ ¼ gðAwYX;UÞ ¼ gð rXY;/UÞ ¼ gðrXY;/UÞ; ð67Þ
therefore from (66) and (67) we getgðrXY;/UÞ ¼ gðrl;/UÞgðX;YÞ: ð68Þ
Let h0 and 0 be the second fundamental form and the metric connection of D, respec-
tively in M thengðh0ðX;YÞ;/UÞ ¼ gðrXYr0XY;/UÞ ¼ gðrXY;/UÞ; ð69Þ
therefore from (68) and (69), we get g(h0(X,Y),/U) =  g(l,/U)g(X,Y). Then the non
degeneracy of the distribution D0 implies thath0ðX;YÞ ¼ rlgðX;YÞ; ð70Þ
this gives that the distribution D is totally umbilical inM and using the Theorem (4.6),
the distribution D is integrable. Also Zl= 0 for Z 2 CðDÞ, hence as in the Theo-
rem (5.3) each leaf of D is an extrinsic sphere in M. Thus M is locally a GCR-lightlike
warped product NT · kN^ of M where k= el. hACKNOWLEDGMENT
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